Abstract-A multi-meter long collinear dielectric wakefield accelerator is considered, and it is shown that a single bunch breakup instability is a major limiting factor for obtaining highly efficient energy transfer from the drive bunch to the main bunch. Different methods for instability suppression are studied. Numerical simulations using a 6D particle tracking computer code are performed and tolerances to various errors are defined.
I. INTRODUCTION
T HE conceptual schematic of the collinear dielectric wakefield accelerator (DWA) [1] - [3] is shown in Fig. 1 . A low-energy, high-charge electron bunch, called the drive bunch, produces the wakefield in the dielectrically lined waveguide and a traveling behind low-charge witness bunch, called the main bunch, is accelerated to a high energy. Accelerating gradients up to several GV/m have been demonstrated [4] , [5] in short m structures, and a future goal is to make a robust practical accelerator and accelerate electrons to high energies using multi-meter long structures capable of extracting up to 80% of energy from the drive bunch.
However, propagation of the drive bunch over many meters in the dielectric wakefield accelerator has its challenges. The most severe limitation is caused by the single bunch breakup instability (BBU) when the transverse wakefield generated by head electrons in the drive bunch significantly alters the motion of the tail electrons in the same bunch [6] , [7] . A strong BBU instability will result in the beam hitting the wall of the dielectric tube, producing severe particle losses. Narrowing the dielectric tube results in higher accelerating gradient, which is generally in inverse proportion to the tube radius squared. The transverse wakefield grows even faster in inverse proportion to the tube radius cubed [8] . Consequently, a high acceleration rate will cause premature BBU that will lower the accelerator's efficiency and the maximum achievable energy due to beam loss. More efficient use of the drive bunch can be obtained if the BBU instability is effectively suppressed. This paper presents the study of BBU, other undesirable effects, and different mitigation strategies.
II. THE CONCEPT OF SHAPED BUNCHES AND BEAM BREAKUP
As was pointed out in [9] and [10] , it is highly desirable for the drive bunch to be decelerated uniformly and for the main bunch to be accelerated uniformly. The first condition contributes to more efficient use of the drive bunch's energy, since the bunch does not break up or degrade in shape before all particles are decelerated. The second condition preserves low normalized longitudinal emittance of the accelerated bunch. The first condition can be realized approximately (except for the bunch's head) with the proper shaping of the current of the drive bunch [2] . The second condition can be realized by the proper shaping and timing of the witness bunch as described in [9] and [11] , and generally at the cost of slower acceleration.
The drive bunch usually has much higher charge than the main bunch. Therefore it is possible to use the drive bunch to create a much higher accelerating field for the main bunch than the decelerating field inside of the drive bunch. For symmetrical bunch's current distributions, the maximum ratio between the maximum accelerating gradient behind the drive bunch and maximum decelerating gradient inside the drive bunch, called the transformer ratio, is less than 2 [12] . It was analytically demonstrated in a single wakefield mode approximation that it is possible to achieve higher transformer ratios with the drive bunch having a non-symmetrical, ramped current shape [2] . One such distribution for the drive bunch peak current is the special double triangular (DT) distribution: (1) 0018-9499 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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where is the full bunch duration, and is the frequency of the synchronous mode with a longitudinal electric field ( for a circular tube). In the single mode approximation, which is valid for tubes with thin dielectric lining, the current distribution of (1) provides almost uniform deceleration of the drive bunch and a wakefield with a high transformer ratio of . Both Los Alamos National Laboratory and Argonne National Laboratory have independently proposed to experimentally demonstrate a generation of a DT drive beam and a high transformer ratio wakefield [11] , [13] - [15] for the first time.
Particles traveling off-center also excite dipole modes, the main effect from which is the transverse kick experienced by trailing particles. Axially asymmetric dielectric lined waveguides (e.g., rectangular waveguide) also have quadrupole wakes. Transverse kicks caused by both dipole and quadrupole wakes are proportional to the off-center shifts of the particles, but for the dipole wake it is the shift of the drive particle, and for the quadrupole it is the shift of the trailing particle.
Without any confinement mechanisms, the transverse wakes lead to the almost immediate beam breakup once the beam symmetry is broken, resulting in electrons hitting the walls of the dielectric tube, damage to the tube, and beam loss.
To calculate the wakefield produced by the beam, a quasi-stationary Green's function approach is employed, which is described in detail in [16] . First, a point charge is considered. For a point charge moving inside an infinitely long dielectric tube, a set of all the lowest frequency modes that provide contribution into the fields is calculated. Next, the kicks produced by them over a unit of the propagation length of a witness particle are calculated. The dipole/quadrupole kicks are normalized per the unit of the drive/witness particle's displacement from the tube's center. All kicks are normalized per unit charge of the drive and witness particles, bringing the dimension units of the Green's functions to V/C/m for the longitudinal wake and V/C/m for both types of transverse wakes.
The total wakefield created by a beam at a certain moment is approximately the sum of wakefields from all the particles in the beam. For a tube with a thin dielectric lining, only the first few modes contribute to the wake as thinner dielectric linings result in smaller relative coupling impedances and increased relative frequencies of higher order modes as compared to the first mode.
It should be noted that Green's function approach does not account for fast beam dynamics and the edge effects of the tube of a finite length. It also neglects the decaying modes and thus does not account for short-range self-fields [17] , which results in an incorrect field structure around the drive charge with the field only present behind it. Effectively, it neglects space charge effects.
The transverse wake for the DT bunch can also be computed with Green's functions. In a circular waveguide with a thin dielectric lining, the first dipole mode has a frequency close to the frequency of the main longitudinal mode [16] . The dipole wake is excited 90 degrees out of phase as compared to the longitudinal wake. As a result, if the DT bunch is shifted off center, the transverse momentum kick grows almost linearly towards the bunch tail (Fig. 2) , making the tail of a high transformer ratio drive bunch most susceptible to the BBU.
The standard solution to prevent the beam from early breakup is to use a lattice of identical permanent quadrupoles with alternating signs of the magnetic field-the so-called "FODO" lattice. As the bending force is proportional to the particle's offcenter shift, each period of the lattice effectively provides beam focusing.
However, the direct application of the constant FODO lattice is limited. As the beam propagates, the particles in the drive bunch lose energy and the particles in the witness bunch gain energy. Even if initially optimal, the FODO lattice becomes weak for the main bunch, but too strong for the drive bunch, leading to the overfocusing instability of the latter. The criteria of FODO stability is [18] , [19] , where is the single period transfer matrix of the lattice. To prevent the instability, the FODO strength has to be adjusted to decrease proportionally to the lowest particles' energy in the beam.
Ideally, the period of the FODO lattice should be much shorter than the growth length of BBU instability. However, because the magnetic field gradient is naturally limited by the magnet's technology, the quadrupole length must be relatively long to keep FODO focusing strong. The optimal quadrupole length for a several hundred MeV beam was found to be approximately 5 cm.
III. SIMULATION OF BEAM BREAKUP
We employed the computer code elegant [20] to study BBU in a DT bunch propagating over a long distance. The energy difference between the drive bunch and the main bunch in the DWAs can reach several orders of magnitude, which prevents use of a transfer matrix approach for particle transport, in which the relative energy spread has to be small. However, elegant permits the implementation of wakefields and quadrupoles (and some other lattice elements) as a sequence of momentum kicks interspersed with drifts, thus correctly accounting for each individual particle's energy.
We used KQUAD element in elegant to implement quadrupoles, WAKE and TRWAKE to implement longitudinal and transverse wakes, and MAXAMP to eliminate particles with transverse coordinates outside the inner part of the tube. For quadrupole transverse wakes (present in rectangular dielectric lined waveguide) the following non-default parameter values were used in the TRWAKE element: , , , . The input Green's functions required for the wakes' elements were calculated in Mathcad using analytical formulas for circular tubes as described in Ref. [16] . For rectangular tubes, the Green's functions were calculated in specialized software called Rectangular Waveguide [21] .
In elegant, we implemented wakefield kicks every 5 mm and used 64 equally spaced quadrupole kicks on the length of each quadrupole magnet. The focusing and defocusing quadrupoles did not have spacing in between them.
The beamline lattice file for elegant was generated in Mathcad. When necessary, the quadrupole strength was adjusted to account for the change of the lowest particles' energy with distance. First, a simulation was run without transverse wakefields. Then in order to find the optimum coefficient linking the lowest particles' energy and the quadrupoles' strength, a series of simulations was run for different values of this coefficient accounting for the transverse wakefields. The optimum coefficient was selected, which yielded the longest beam propagation distance before the breakup.
The initial beam's distribution, consisting of a double triangular drive bunch and a Gaussian main bunch, was also generated in Mathcad. 100000 macro particles were used. The parameters of the beam and the dielectric tube were chosen for a possible FEL experiment at the AWA facility. They are listed in Table I and correspond to the unloaded wakefield accelerating gradient of 90 MV/m at the frequency of 300 GHz. In the transverse direction the bunches were Gaussian with both RMS transverse beam widths and normalized eigenemittances of m and m rad, correspondingly; they had the initial offset from the tube center of m in -direction. The small initial offset was to break axial symmetry of the wakefield and to allow testing of the beamline configuration for the instabilities caused by excitation of dipole modes.
We limited the maximum quadrupole strength to 1300 T/m, which can be realized in a hybrid permanent magnet quadrupole with the radius of 1 mm [22] . For the FODO lattice period of 8 cm and initial beam energy of 400 MeV (Table I) this strength was below optimal for maintaining beam stability. Only after deceleration of particles in the drive bunch to the two times lower energy, the FODO lattice becomes too strong and has to be tapered down.
To show the FODO confinement effect we did simulations of beam propagation in the DWA with parameters from Table I , with and without quadrupole magnets. Without FODO focusing it gave us stable beam propagation of 0.7 m before some par- ticles hit the inner wall of the dielectric tube. For an initially monoenergetic beam, the FODO lattice increased stable beam propagation to 4.5 m, in which distance the drive bunch gave 18% of its energy to the wakefields (see Table II ).
IV. BNS DAMPING
To increase beam stable propagation distance and thus to make better use of the drive bunch energy, we applied the BNS damping [23] , [24] using the energy chirp of 15% along the drive bunch and defined as the relative energy variation from the head to the tail of the bunch. In the presence of the external focusing, this chirp helps to de-synchronize particle oscillations by imposing different oscillation frequencies to particles with different longitudinal coordinates (see Fig. 3 ). In the case of the DT bunch, it is preferable to have the lower energy particles in the tail and the higher energy particles in the head. This is because faster growth of the phase difference in oscillations of tail particles, where the particle density is much higher, better helps to reduce the magnitude of oscillations of the corresponding dipole wakefield. Another reason is that the energy modulation of the DT bunch only increases with the distance of propagation (see Fig. 4 ) and thus the associated damping of the dipole wakefield becomes stronger. Evidently, bigger energy chirp results in a better damping.
For the drive bunch with 15% initial energy chirp, the empirically derived optimum strength of the quadrupoles as a function of distance is shown in Fig. 5 . The beginning part of the FODO lattice is kept at the maximum quadrupole strength, which is 1300 T/m (although the optimum quadrupole strength The particles are shown with black dots. Vertical axis is the transverse -coordinate. Horizontal axis is the particle's arrival time. The beam head is on the left, the main bunch is on the right. To better show oscillation asynchronism between particles of different energy in the FODO lattice, the dipole wakefield was not accounted for in this simulation. Fig. 4 . Momentum of particles in the drive and witness bunches versus arrival time before and after traveling 2 m in the DWA. Initially, the double triangular drive bunch has a linear chirp. Propagation leads to no momentum change in the tip of the first triangle and almost uniform momentum decrease in the second triangle of the drive bunch with some small variations caused by higher order modes. The particles in the main bunch experience much higher momentum change of the opposite sign.
for the 400 MeV beam is higher). After 10 m, the particles in the drive bunch decelerate and the optimum strength becomes smaller than 1300 T/m. The magnetic strength of quadrupoles in the FODO lattice is tapered in proportion to the energy of the slowest particles. The deceleration rate remains the same for all electrons until some electrons decelerate to a relatively low energy and become only mildly relativistic. Then the difference in the particles' velocities within the drive bunch causes deformation of the drive bunch distribution (see Fig. 6 ) that affects the wakefield. As a result, the dependence in Fig. 5 has to be made slightly nonlinear at longer distances to account for a slower than linear deceleration of the lowest energy electrons.
With a 15% energy chirp, the distance of a stable propagation increased to 20 m and the energy loss by the drive bunch reached 80%, thus a desired efficiency of the energy transfer from the electron bunch to the wakefields was obtained (Table II) . However, this chirp is difficult to produce without significant beam shape aberrations. The magnitude of the initial energy chirp may be reduced to some degree if a slight linear variation of the wakefield can be made. Then the energy chirp will grow as the drive bunch propagates in the DWA. Technically, such a wakefield can be obtained by adding a small parabolic component to a DT peak current distribution of the drive bunch: (2) where is the frequency of the accelerating mode in the tube, single accelerating mode approximation is assumed. For the DWA configuration of Table I , the initial chirp can be reduced to 7% if the second triangle in the drive bunch current profile of (1) gets a parabolic addition as in (2) with the weight . The negative effect of that is a faster deceleration of the tail of the drive bunch, which becomes problematic at long distances. Table II summarizes the results of simulations with elegant.
In the subsequent sections, it is assumed that BNS damping with initial drive bunch energy chirp of 15% is used in all simulations. We also studied beam propagation in the rectangular dielectric lined waveguides (see Fig. 7 ). In the rectangular waveguide the longitudinal wake profile is not transversely uniform [25] . However, even with a beam of finite transverse size it is possible to achieve almost uniform acceleration for particles with different transverse coordinates by periodically rotating the waveguide by 90 degrees [26] . Confining the beam in the rectangular waveguide may be harder because of the big aspect ratio of the waveguide. It sets tough limits on the beam size along the smaller waveguide dimension, and the bigger waveguide dimension may considerably reduce the achievable magnetic field strength of the FODO lattice as compared to a more compact circular dielectric waveguide. The other big difference between circular and rectangular tubes is the presence of the quadrupole wake in the rectangular dielectric lined waveguide caused by the lack of the 90 degree rotational symmetry. The quadrupole wake is such that if two particles of the same charge are at a close distance to each other, the trailing particle is focused in the direction parallel to the longer side of the waveguide and defocused in the other transverse direction with both forces being equal for the same off-center shifts. In a high aspect ratio rectangular waveguide, the force that acts on the witness particle in the direction parallel to the longer side of the waveguide depends only on the distance between the drive and the witness particles along this direction. As a result, the Green's functions for the quadrupole and dipole wake forces acting along the longer side of the waveguide are the same, but opposite in sign. For the purpose of comparison, the parameters of the rectangular waveguide (Table III) were chosen so that the longitudinal wakefield Green's function closely matches the one for the circular case of Table I. In Fig. 8 , Green's wake functions of the rectangular waveguide with parameters from Table III and the circular waveguide  from Table I are plotted. As it follows from Fig. 8(b) , the dipole wake functions of both waveguides have almost the same amplitudes at short distances ( mm), but at larger distances (e.g., mm, but mm) the dipole wake in rectangular waveguide is considerably smaller. Simulations of the beam acceleration in the rectangular waveguide do not show much difference with the circular case when the quadrupole wake is artificially turned off. However it makes a big difference when the quadrupole wake is accounted for. The quadrupole wake does not depend on the transverse coordinates of drive particles and it grows almost linearly towards the tail of the drive bunch. Therefore, it can be used to focus the tail. To achieve effective focusing, the sign of the quadrupole wakefield must alternate. This is possible to realize by periodically changing orientation of the consequent sections of the rectangular waveguide by 90 degrees. Quadrupole wake focusing works the best when it acts in phase with the FODO focusing and thus has the same period as the FODO lattice. With the proper phasing of the quadrupole wake imposed by the waveguide orientation, no particle loss is observed before 20 m of beam propagation inside the DWA, even with slightly reduced FODO strength. The change of orientation of all waveguide sections by 90 degrees results in the effective weakening of the beam focusing for the particles in the drive bunch tail with the particle loss starting at 10 meters.
VI. METAL CORRUGATED WAVEGUIDES
Using dielectric lining is not the only way to allow waves in waveguides with the phase velocity below the speed of light. The same effect can be achieved in the overmoded waveguides with metal corrugated walls. However, even for a circular waveguide with periodic corrugation there are no universal analytical formulas describing the waveguide modes, and the modes generally have to be found numerically. Our interest in periodic corrugated waveguides is motivated by a different modes' structure that may potentially be favorable for mitigation of BBU.
In some cases, for example, when the corrugation is shallow and has a short period, an approximate analytical approach treating corrugation as a uniform layer of a constant thickness with effective dielectric permittivity and magnetic permeability may be used to find the first few lowest frequency modes without describing the fields in the grooves [27] , [28] . We used a corrugation period of a quarter operating wavelength instead, and the CST Microwave Studio [29] to compute the modes. To get a better comparison with the previously described case of the DWA of the circular cross-section, the geometric parameters of the corrugated tube were chosen close to the dielectric tube of Table I and the operating frequency was made the same (Table IV) . The corrugation was of rectangular shape. The chosen set of parameters also resulted in similar value of the first dipole mode frequency: 295.4 GHz for the corrugated tube compared to 293.4 GHz for the dielectric tube. Transverse profiles of both main modes and first dipole modes were similar for both tubes with the difference taking place in a small region near the inside wall (Fig. 9) . As a result, the structures got similar Green's functions for these particular modes. As a matter of fact, these modes provide the predominant contribution to the longitudinal and transverse wakefields, which means that similar performance in terms of acceleration and BBU is expected. With the metal structure being prone to RF breakdown, generally having higher ohmic loss and being more difficult to fabricate, no benefits of metal corrugated waveguides are evident compared to the dielectric tubes.
VII. BEAM DEPHASING AND ADAPTIVE DIELECTRIC CHANNEL
Due to the imposed momentum chirp, particles in the tail of the drive bunch have lower energy than in the head. As a result, when the drive bunch is decelerated to low-relativistic energies, the particles in the tail start lagging behind. It causes elongation of the tail of the drive bunch (see Fig. 6 ). The effect is more pronounced when drive bunch is decelerated slowly. It not only introduces wakefield shape aberrations, but also severely changes the phase of the longitudinal electric field acting on the main bunch. The direction of the phase change is the same as when the distance between the bunches is shortened. The drive bunch tail elongation may become so big that the phase of the field at the witness bunch will change from accelerating to decelerating. If the witness bunch is placed closely to the drive bunch, as shown in Fig. 2 , the witness bunch may eventually overlap with the drive bunch's tail. Placing the witness bunch farther from the drive bunch in a different maximum of the accelerating field may be necessary.
The phase of the wakefield at the witness bunch can be corrected by raising the frequency of the operating mode through adaptive tapering of the dielectric tube. Evidently, the farther the witness bunch is located from the drive bunch, the bigger phase change of the accelerating field it experiences with the frequency change. By placing the accelerated bunch in the 2nd or 3rd maximum of the accelerating field behind the drive bunch, it will be possible to adjust the phase of the wakefield produced by the elongated drive bunch by a reasonably small narrowing of the dielectric tube (see Fig. 10 ) that changes the oscillating frequency of the wakefield. It will allow an extension of the accelerating length and thus the transfer of more energy from the drive bunch to the main bunch.
To better illustrate the adaptive tube tapering, a set of beam and tube parameters that was different than the one in Table I was used, providing maximum accelerating gradient of 50 MV/m. The initial beam energy was 300 MeV. In Fig. 10 , simulated beam current and wakefield profiles at different distances of propagation are shown. The tube was changed at 17 m and again at 25.5 m. To keep the witness beam in the maximum of the accelerating field, the frequency of the mode was increased initially from 350 GHz to 375 GHz and then to 400 GHz. At 29.5 m, the effect from adaptive tapering is the increase in the main bunch's energy by an additional 200 MeV.
VIII. TOLERANCES
When it comes to practical realization of a system incorporating features of different scale, one of the major problems are the high tolerance requirements set by the smallest scale. In the DWA we have a combination of a narrow dielectric channel with a long propagation distance and strong quadrupole magnets. Here we discuss typical beamline imperfections and their effect on the electron beam.
A. Random Shifts of Quadrupoles
The first possible imperfection is misalignment of quadrupoles in the FODO lattice. We evaluated how sensitive the scheme is to the quadrupoles' misalignments. In elegant, the quadrupole's offsets in and coordinates can be defined via DX and DY parameters of the KQUAD element. We generated offsets in Mathcad for defined RMS offset values and truncated all misalignments at 2.5 RMS. For m RMS and offsets, there was no associated particle loss before 20 meters. However for m RMS offsets, the loss already started at 5 m, reaching 50% at 20 meters. When the transverse wake is artificially turned off in simulations, the same misalignments lead to only 1% of particles lost by 20 meters with the loss starting after 18 meters. We conclude that when both transverse wakefields and quadrupole misalignments are present, the beam breakup is enhanced. In an attempt to prevent early beam breakup, we introduced a correction of the beam trajectory every two meters with an artificial nonlinear lens of a zero length. Its focusing strength for each particle was inversely proportional to the particle's energy. The overall lens strength was chosen so that to center the beam by making equal to zero average particles' and coordinates taken with the same weight. This way the coordinates' correction was stronger for lower energy particles, which are in the drive bunch tail. No correction was done to the propagation angles of particles. Even though this artificial element helped to reduce particle loss with the transverse wakefield being off-from 1% to 0.1% at 20 meters, for example-it did not noticeably help when the transverse wakefield was accounted for.
B. Bent Dielectric Tube
The second possible imperfection is the dielectric tube itself. A real dielectric tube cannot be made completely straight. In practice its center may oscillate around the straight line with a characteristic length of the oscillation period likely being in the tens of centimeter range. We assumed that this off-center deviation is fully periodic and studied the dependence of BBU on the magnitude of the off-center oscillation and period. We did simulations for the maximum off-axis deviation of 10 m and oscillation periods from 10 to 100 cm. The tube was bent only in the --plane. The results are presented in the form of a bar chart in Fig. 11 . The peak of particle loss corresponds to oscillation periods close to 50 cm. Indeed, the particle loss was also dependent on the initial phase of the tube curvature with the biggest loss spread also observed for periods near 50 cm.
IX. CONCLUSION
We performed a series of simulations to study different aspects of beam dynamics in multi-meter long DWAs. We found that beam breakup instability may severely limit the energy extraction from the drive bunch. We have shown that the following measures are effective in suppressing the BBU: a FODO lattice with a tapered strength and imposing negative energy chirp on the drive bunch. For a rectangular waveguide, changing its orientation by 90 degrees synchronously with the polarity of the magnets in the FODO lattice also helps. High accelerating gradients in DWAs are accompanied by strong defocusing forces, and thus strong beam confinement is required. This makes the tolerances on FODO magnets alignment very tight, which presents a serious challenge for a technical design of the DWA to be considered in the follow-up publication.
